Abstract. In this paper, we present some applications of quaternions and octonions. We present the real matrix representations for complex octonions and some of their properties which can be used in computations where these elements are involved. Moreover, we give a set of invertible elements in split quaternion algebras and in split octonion algebras.
Introduction
The mathematical objects have, directly or indirectly, many applications in our lives. It is very interesting to remark how abstract notions and abstract theories can have such an influence, leading to a significant development in various domains.
As examples in this direction, Quaternions and Octonions are some of such objects which influenced, in a good sense, our lives over the time.
Quaternions were discovered in October 1843 by Sir William Rowan Hamilton, when he introduced an algebraic system formed by one real part and three imaginary parts. This system is nothing else than the well known real quaternion division algebra, ( Hanson 2005, p. 5) .
Since quaternions generalize complex numbers, after quaternions were discovered, a question arised: if this structure can be generalized. In December 1843, John T. Graves, Hamilton's friend, generalized quaternions to octonions and gave them the name "octaves", obtaining an 8-dimensional algebra. Independently by Graves, Arthur Cayley discovered octonions and published his result in 1845. Octonions are also called Cayley numbers, ( Hanson 2005, p. 9) .
A generalized real quaternion algebra, H (β 1 , β 2 ), is an algebra with the elements of the form a = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 , where a i ∈ R, i ∈ {0, 1, 2, 3}, and the basis {1, e 1 , e 2 , e 3 }, with the multiplication given in the following table:
e 1 e 2 e 3 1 1 e 1 e 2 e 3 e 1 e 1 −β 1 e 3 −β 1 e 2 e 2 e 2 −e 3 −β 2 β 2 e 1 e 3 e 3 β 1 e 2 −β 2 e 1 −β 1 β 2 Table 1 .
If a ∈ H (β 1 , β 2 ), a = a 0 +a 1 e 1 +a 2 e 2 +a 3 e 3 , thenā = a 0 −a 1 e 1 −a 2 e 2 −a 3 e 3 is called the conjugate of the element a. We denote by t (a) = a + a ∈ R and n (a) = aa ∈ R, the trace and the norm of a real quaternion a. The norm of a generalized quaternion has the following expression n (a) = a A generalized octonion algebra O(α, β, γ) is an algebra with the elements of the form a = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 , where a i ∈ R, i ∈ {0, 1, 2, 3, 4, 5, 6, 7}, and the basis {1, e 1 , ..., e 7 }, with multiplication given in the following The algebra O(α, β, γ) is non-commutative, non-associative but it is alternative (i.e. x 2 y = x (xy) and yx 2 = (yx) x, ∀x, y ∈ O(α, β, γ)), flexible (i.e. x (yx) = (xy) x, ∀x, y ∈ O(α, β, γ)) and power-associative (i.e. for each x ∈ O(α, β, γ), the subalgebra generated by x is an associative algebra). For other details regarding quaternions and octonions, the reader is referred to (Schafer, 1966) .
If a ∈ O(α, β, γ), a = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 , then a = a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 is called the conjugate of the element a. Let a ∈ O(α, β, γ). We have the trace, respectively, the norm of the element a given by the relations t (a) = a + a ∈ R and n (a) = aa = a We remark that the following relation holds
We know that a finite-dimensional algebra A is a division algebra if and only if A does not contain zero divisors, (Schafer, 1966) . With the above notations, for β 1 = β 2 = 1, we obtain the real division algebra H and for α = β = γ = 1, we obtain the real division octonion algebra O.
If a quaternion algebra and an octonion algebra are not division algebras, we call them a split quaternion algebra, respectively, a split octonion algebra.
From the above properties, we can see that an algebra A, with A ∈ {H (β 1 , β 2 ) , O(α, β, γ)}, is a division algebra if and only if n (x) = 0, for each x ∈ A, x = 0, (Schafer, 1966, p. 27 ). Therefore, depending on the values of the numbers β 1 , β 2 , α, β, γ, we can obtain division algebras or split algebras.
A real quaternion algebra is isomorphic to H, when we have a division algebra, or it is isomorphic to the algebra M 2 (R) , the algebra of 2 × 2 real matrices, when we have a split algebra, (Schafer, 1966, p. 25) .
We consider the following real algebra
with the usual addition and scalar multiplication of matrices. We consider the following multiplication
with <, > the usual dot product and × the cross product of vectors from R 3 . With matrices addition, scalar multiplication of matrices and the multiplication given in relation (1.1) , we obtain a unitary non-associative algebra of dimension 8, called the Zorn's vector-matrix algebra. Therefore, a real octonion algebra is isomorphic to O, when we have a division algebra, or it is isomorphic to the algebra A, when we have a split algebra, see (Kostrikin, Shafarevich, 1995) . A famous Hurwitz's theorem states that R, C, H and O are the only real alternative division algebras, see (Baez, 2002) .
Division algebras are used to built space-time block codes and division quaternion algebras are also used for this purpose. Quaternions are used in Coding Theory and in digital signal processing, see (Alfsmann et all, 2007) . There are a lot of examples of codes based on quaternion algebras, first of them, Alamouti code, appeared in 1998, see (Alamouti, 1998) and (Unger, Markin, 2011) .
For other conections of different types of algebras with codes, the reader is referred to (Flaut, 2015) .
Another application of quaternions is in representing rotations in R 3 . Usually, a rotation in R 3 around an axis is given by a square orthogonal matrix of order three, with its determinant equal with 1. When we compute two rotations, a lot of computations are involved. In this situations, quaternions give a much better representation for a rotation. In data registration, when we want to find a transformation for a set of data points such that these points fit better to a shape model, quaternions are used for solving this problem, since it is necessary to find a rotation and a translation with some good properties, see (Jia, 2017) .
Octonions have many applications in processing of color images, as for example in color image edge detection, see (Chen, Tu, 2014) , in remote sensing images, (Li, 2011) , in 2D and 3D signal processing, (Snopek, 15) , in artificial neural networks, where Octonionic neural networks are used as a computational models, (Klco et all, 2017) , in electrodynamics, see (Chanyal, 2011) and (Chen, Tu, 2014) , in wireless data communication (Jouget, 2013) and examples can continue.
Since the above applications used quaternion and octonion matrices or matrix representations of these algebras, in this chapter, we present real matrix representations for complex octonions and some of their properties and we provide examples of invertible elements in split quaternion algebras and in split octonion algebras.
For other details regarding quaternions and octonions, the reader are referred to (Schafer, 1966, p. 27) , (Flaut, Savin, 2015) , (Flaut, Savin, 2014) , (Flaut, Savin, Iorgulescu 2013) , (Flaut, Ştefanescu, 2009) , (Flaut, 2006) , (1)), , (1)), (1)).
Real matrix representations for complex octonions
We know that in an alternative algebra A, the following identities, called Moufang identities, are true:
for all x, y, z ∈ A. Since octonions form an alternative algebra, we can use these relations in computations.
Let O be the real division octonion algebra, the algebra of the elements of the form a = a 0 + a 1 i + a 2 j + a 3 ij + a 4 k + a 5 ik + a 6 jk + a 7 (ij)k, where
The set {1, i, j, ij, k, ik, jk, (ij) k} is a basis in O.
We consider K to be the field { a −b b a | a, b ∈ R} and the map
where i 2 = −1. The map ϕ is a fields morphism and the element ϕ (z) = a −b b a is called the matrix representation of the complex element z =
A complex octonion is an element of the form A = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 , where a m ∈ C, m ∈ {0, 1, 2, ..., 7},
and e m e n = −e n e m = γ mn e t , γ mn ∈ {−1, 1}, m = n, m, n ∈ {0, 1, 2, ..., 7}, γ mn and e t are uniquely determined by e m and e n . We denote by O C the algebra of the complex octonions, called the complex octonion algebra. This algebra is an algebra over the field C and the set {1, e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 } is a basis in O C .
The map δ : R → C, δ (a) = a is the inclusion morphism between R and C as R-algebras. We denote by G the following C-subalgebra of the algebra O C ,
It is clear that G becomes an algebra over R, with the following multiplication
We denote this algebra by O R and the map
where a m ∈ R, m ∈ {0, 1, 2, 3, ..., 7} is an algebra isomorphism. Due to this isomorphism, we have that φ (1) = 1, φ (i) = e 1 , φ (j) = e 2 , φ (ij) = e 3 , φ (k) = e 4 , φ (ik) = e 5 , φ (jk) = e 6 , φ ((ij) k) = e 7 and the algebras O R and O C have the same basis {1, e 1 , e 2 , e 3 , ..., e 7 }. With these notations, in the rest of the paper, we denote the real octonion a 0 + a 1 i + a 2 j + a 3 ij + a 4 k + a 5 ik + a 6 jk + a 7 (ij)k with the octonion a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 , and viceversa, where a m ∈ R, m ∈ {0, 1, 2, 3, ..., 7} and we use the notation O instead of O R . We consider the complex octonion A = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 , a m ∈ C, m ∈ {0, 1, 2, 3, ..., 7}. This octonion can be written under the following form A = (x 0 + iy 0 ) + (x 1 + iy 1 )e 1 + (x 2 + iy 2 )e 2 + (x 3 + iy 3 )e 3 + +(x 4 + iy 4 )e 4 + (x 5 + iy 5 )e 5 + (x 6 + iy 6 )e 6 + (x 7 + iy 7 )e 7 , where x m , y m ∈ R, m ∈ {0, 1, 2, 3, ..., 7} and i 2 = −1. It results that A = x + iy, (2.4.) with x, y ∈ O, x = x 0 + x 1 e 1 + x 2 e 2 + x 3 e 3 + x 4 e 4 + x 5 e 5 + x 6 e 6 + x 7 e 7 and y = y 0 + y 1 e 1 + y 2 e 2 + y 3 e 3 + y 4 e 4 + y 5 e 5 + y 6 e 6 + y 7 e 7 . The conjugate of this octonion is the element A = a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 , therefore, with the above notations, we have
(2.5.)
To an octonion a = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ∈ O, we associate the following element a * = a 0 + a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 . (2.6.)
We remark that (a * ) * = a (2.7) and (a + b)
The identity (ab) * = a * b * , for all a, b ∈ O, in general is not true. Since the real octonion a 0 + a 1 i + a 2 j + a 3 ij + a 4 k + a 5 ik + a 6 jk + a 7 (ij)k can be written under the form a = q 1 + q 2 k, where q 1 = a 0 + a 1 i + a 2 j + a 3 ij and q 2 = a 4 + a 5 ei + a 6 j + a 7 ij are two real quaternions, it results
where q * 1 = a 0 + a 1 i − a 2 j − a 3 ij. With the above notations, we define
10)
Considering the real division quaternion algebra H, in (Tian, 2000) were defined the following maps
where a = a 0 + a 1 i + a 2 j + a 3 ij ∈ H. We remark that λ is an isomorphism between H and the algebra of the matrices
The columns of the matrix λ (a) ∈ M 4 (R) are represented by the coefficients in R of the elements {a, ai, aj, a (ij)}, considered in respect to the basis {1, i, j, ij}.
The matrix λ (a) is called the left matrix representation of the element a ∈ H.
The map ρ is an isomorphism between H and the algebra of the matrices
In a similar way, we remark that the columns of the matrix ρ (a) ∈ M 4 (R) are the coefficients in R of the elements {a, ia, ja, (ij) a}, considered in respect to the basis {1, i, j, ij}. The matrix ρ (a) is called the right matrix representation of the quaternion a ∈ H.
With these notations, in (Tian, 2000) were defined the left and right real representations of the octonion a = q 1 + q 2 k, namely
and
where q 1 = a 0 + a 1 i + a 2 j + a 3 ij, q 2 = a 4 + a 5 ei + a 6 j + a 7 ij are two real quaternions and
In , using the above notations, were obtained the following matrices 17) where Q = a + ib is a complex quaternion, with a = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 ∈ H, b = b 0 + b 1 e 1 + b 2 e 2 + b 3 e 3 ∈ H, a * = a 0 + a 1 e 1 − a 2 e 2 − a 3 e 3 ∈ H, b * = b 0 + b 1 e 1 −b 2 e 2 −b 3 e 3 ∈ H and i 2 = −1. The matrix Γ (Q) ∈ M 8 (R) is called the left real matrix representation for the complex quaternion Q and Θ (Q) ∈ M 8 (R) is called the right real matrix representation for the complex quaternion Q.
Using some ideas developed above, in the following, we define the left and the right real matrix representations for the complex octonions and we investigate some of their properties.
We consider the complex octonion A = x + iy,with x, y ∈ O, x = x 0 + x 1 e 1 + x 2 e 2 + x 3 e 3 + x 4 e 4 + x 5 e 5 + x 6 e 6 + x 7 e 7 and y = y 0 + y 1 e 1 + y 2 e 2 + y 3 e 3 + y 4 e 4 + y 5 e 5 + y 6 e 6 + y 7 e 7 .
The matrices
are called the left real matrix representation and the right real matrix representation for the complex octonion A.
Definition 2.1. Let A ∈ O C , A = x + iy. We consider the following matrix
called the vector representation of the element X, where x, y ∈ O, x = x 0 + x 1 e 1 + x 2 e 2 + x 3 e 3 + x 4 e 4 + x 5 e 5 + x 6 e 6 + x 7 e 7 , y = y 0 + y 1 e 1 + y 2 e 2 + y 3 e 3 + y 4 e 4 + y 5 e 5 + y 6 e 6 + y 7 e 7 , − → x = (x 0 , x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 ) t ∈ M 8×1 (R) , − → y = (y 0 , y 1 , y 2 , y 3 , y 4 , y 5 , y 6 , y 7 ) t ∈ M 8×1 (R) are the vector representations for the real octonions x and y, as were defined in (Tian, 2000) . If − → x = (x 0 , x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 ) t ∈ M 8×1 (R) and − → y = (y 0 , y 1 , y 2 , y 3 , y 4 , y 5 , y 6 , y 7 ) t ∈ M 8×1 (R), we have
From the same paper, Theorem 2.1, Theorem 2.3 and Theorem 2.9, we have that
where a, x are real octonions. Remark 2.2. With the above notations, we have
where ε=diag(1, 1, 1, 1, −1, −1, 
In the same way we obtain 
Proposition 2.3. Using the above notations and definitions, we have
In the same way, we obtain σρ (
Proposition 2.4. Let x, y ∈ O, be two real octonions. The following relations hold:
Proof. 1) We have iy = e 1 (y 0 + y 1 e 1 + y 2 e 2 + y 3 e 3 + y 4 e 4 + y 5 e 5 + y 6 e 6 + y 7 e 7 ) = = −y 1 + y 0 e 1 − y 3 e 2 + y 2 e 3 − y 5 e 4 + y 4 e 5 + y 7 e 6 − y 6 e 7 and y * i = (y 0 + y 1 e 1 − y 2 e 2 − y 3 e 3 − y 4 e 4 − y 5 e 5 − y 6 e 6 − y 7 e 7 ) e 1 = = −y 1 + y 0 e 1 − y 3 e 2 + y 2 e 3 − y 5 e 4 + y 4 e 5 + y 7 e 6 − y 6 e 7 .
2) From the above, it results (iy) x = (y * i) x. We have ((iy) x) i = ((y * i) x) i. We apply relation (2.2) and we obtain ((iy)
Using again alternativity, it results i (i(x (iy))) = −i(x * y), that means x (iy) = i(x * y).
4) We apply relation (2.3) and we have (iy) (ix) = (iy) (x
Proposition 2.5. For real octonion a = q 1 + q 2 k, with q 1 , q 2 two real quaternions, we have the following relations:
Proof. 1) Since ε = diag(1, 1, 1, 1, −1, −1, −1, −1) ∈ M 8 (R) , we have
, where I 4 ∈ M 4 (R) is the unit matrix and O 4 ∈ M 4 (R) is the zero matrix.
We have ε∆ (a) ε =
2) Since τ = diag(1, 1, −1, −1, 1, 1, −1, −1), and σ = diag(1, 1,
Proof.
We have
. From Proposition 2.4, i) and relations 2.22, 2.23 and 2.24, it follows that
Let M, N be the matrices N = (1, e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 ) t , M = (1, −e 1 , −e 2 , −e 3 , −e 4 , −e 5 , −e 6 , −e 7 ) t .
We remark that N t M = 8.
Proposition 2.7. If A ∈ O, a = a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 we have:
a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 a 1 − a 0 e 1 + a 3 e 2 − a 2 e 3 + a 5 e 4 − a 4 e 5 − a 7 e 6 + a 6 e 7 a 2 − a 3 e 1 − a 0 e 2 + a 1 e 3 + a 6 e 4 + a 7 e 5 − a 4 e 6 − a 5 e 7 a 3 + a 2 e 1 − a 1 e 2 − a 0 e 3 + a 7 e 4 − a 6 e 5 + a 5 e 6 − a 4 e 7 a 4 − a 5 e 1 − a 6 e 2 − a 7 e 3 − a 0 e 4 + a 1 e 5 + a 2 e 6 + a 3 e 7 a 5 + a 4 e 1 − a 7 e 2 + a 6 e 3 − a 1 e 4 − a 0 e 5 − a 3 e 6 + a 2 e 7 a 6 + a 7 e 1 + a 4 e 2 − a 5 e 3 − a 2 e 4 + a 3 e 5 − a 0 e 6 − a 1 e 7 a 7 − a 6 e 1 + a 5 e 2 + a 4 e 3 − a 3 e 4 − a 2 e 5 + a 1 e 6 − a 0 e 7
a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 −e 1 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) −e 2 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) −e 3 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) −e 4 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) −e 5 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) −e 6 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) −e 7 (a 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 + a 5 e 5 + a 6 e 6 + a 7 e 7 ) 
a 7 −a 6 a 2 a 3 a 0 −a 1 −a 6 −a 7 a 4 a 5 a 3 −a 2 a 1 a 0 −a 7 a 6 −a 5 a 4 a 4 a 5 a 6 a 7 a 0 −a 1 −a 2 −a 3 a 5 −a 4 a 7 −a 6 a 1 a 0 a 3 −a 2 a 6 −a 7 −a 4 a 5 a 2 −a 3 a 0 a 1 a 7 a 6 −a 5 −a 4 a 3 a 2 −a 1 a 0
e 3 e 4 e 5 e 6 e 7
a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 a 1 + a 0 e 1 − a 3 e 2 + a 2 e 3 − a 5 e 4 + a 4 e 5 + a 7 e 6 − a 6 e 7 a 2 + a 3 e 1 + a 0 e 2 − a 1 e 3 − a 6 e 4 − a 7 e 5 + a 4 e 6 + a 5 e 7 a 3 − a 2 e 1 + a 1 e 2 + a 0 e 3 − a 7 e 4 + a 6 e 5 − a 5 e 6 + a 4 e 7 a 4 + a 5 e 1 + a 6 e 2 + a 7 e 3 + a 0 e 4 − a 1 e 5 − a 2 e 6 − a 3 e 7 a 5 − a 4 e 1 + a 7 e 2 − a 6 e 3 + a 1 e 4 + a 0 e 5 + a 3 e 6 − a 2 e 7 a 6 − a 7 e 1 − a 4 e 2 + a 5 e 3 + a 2 e 4 − a 3 e 5 + a 0 e 6 + a 1 e 7 a 7 + a 6 e 1 − a 5 e 2 − a 4 e 3 + a 3 e 4 + a 2 e 5 − a 1 e 6 + a 0 e 7
a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 1 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 2 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 3 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 4 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 5 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 6 (a 0 − a 1 e 1 − a 2 e 2 − a 3 e 3 − a 4 e 4 − a 5 e 5 − a 6 e 6 − a 7 e 7 ) e 7
Proposition 2.8. Let A = x + iy be a complex octonion with x, y two real octonions and a = q 1 + q 2 k be a real octonion, with q 1 , q 2 two real quaternions. The following relations are true.
Proof. i) From (Tian, 2000) , relations 1.17 and 1.18, we know that
Proposition 2.9. With the above notations, we have
where
A set of invertible elements in split quaternion and octonion algebras
In a split quaternion algebra and in a split octonion algebra there are nonzero elements such that their norms are zero. In such algebras, it is very good to know sets of invertible elements, that means nonzero elements with their norms nonzero. In the following, we give a method to find such a sets.
Let n be an arbitrary positive integer and let a, b, c, x 0 , x 1 , x 2 be arbitrary integers. We consider the following difference equation of degree three X n = aX n−1 + bX n−2 + cX n−3 , X 0 = x 0 , X 1 = x 1 , X 2 = x 2 .
(3.1)
We consider the following degree three equation
We consider that this equation has three real solutions σ 1 > σ 2 > σ 3 , with σ 1 > 1. For this case, we have the following Binet's formula: Since we obtain a Vandermonde determinant, the system has a unique solution.
We consider the real generalized quaternion algebra H (β 1 , β 2 ) and we define the quaternions W n = X n + X n+1 e 2 + X n+2 e 3 + X n+3 e 4 , where X n is the nth number given by the relation (3.3) .
From the above, we can compute the following limit Therefore, for all β 1 , β 2 ∈ R with f (β 1 , β 2 ) = 0, in the algebra H (β 1 , β 2 ) there is a natural number n 0 such that n (W n ) = 0. From here, we have that W n is an invertible element for all n ≥ n 0 . Now, we consider the real octonion algebra O(α, β, γ). We define the octonions Z n = X n + X n+1 e 2 + X n+2 e 3 + X n+3 e 4 + X n+4 e 5 + X n+5 e 6 + X n+6 e 7 , where X n is the nth number given by the relation (3.3) . 
